Abstract. In 1953 Peter Roquette gave an arithmetic proof of the Riemann hypothesis for algebraic function fields over a finite constants field, which was proved by André Weil in 1940. The construction of Weil's scalar product is essential in Roquette's theory. In this paper a scalar product for algebraic function fields over a number field is constructed which is the analogue of Weil's scalar product.
Introduction
In 1953, Roquette [8] gave an arithmetic proof of the Riemann hypothesis for algebraic function fields over a finite constants field, which was proved by André Weil in 1940 [9] . Since the analogy between number fields and function fields over a finite constants field is rather striking, a question is to generalize Roquette's theory to number fields. Since the analogue of Roquette's theory for number fields does not exist, we want to find the analogue of Roquette's theory for function fields over number fields. The construction of Weil's scalar product is essential in Roquette's theory. In this paper a scalar product for function fields over number fields is constructed which is the analogue of Weil's scalar product.
This paper is organized as follows: In Section 2, a set of prime divisors is given on which we base our constructions. In Section 3, we establish some properties about the set of multiples of a divisor (cf. [5, Chapter 24] ). These properties are essential for our definition of divisor residues. Divisor residues are then defined in Section 4, and they are closely related to the theory of correspondences. Divisor residues may not lie in the given function fields. In Section 5, we use the norm to obtain divisors of the given function field from divisor residues. Next in Section 6, we consider function fields over complex numbers which have the structure of compact Riemann surfaces. In this section we make use of the Arakelov theory to complete our definition of a residue scalar product for algebraic function fields over a number field.
Assume that k is a number field. By the field of algebraic functions of one variable over k we mean a field, which contains a transcendental element x and is a finite algebraic extension of the rational function field k(x). Let K and K ′ be two function fields of one variable which are finite extensions of k(x) and k(x ′ ), respectively, with x and x ′ being two algebraically independent elements over k. The double field ∆ of K and K ′ is defined to be the field k(x, x ′ ; u, u ′ ) with f (x, u) = 0 and f ′ (x ′ , u ′ ) = 0 over k, where f and f ′ are generating irreducible polynomials of K and K ′ over k, respectively. Valuations of k(x, x ′ ), which are derived from irreducible polynomials of k[x, x ′ ], from the negative degree of x, and from the negative degree of x ′ , correspond to prime divisors of the rational function field k(x, x ′ ). Our construction of a residue scalar product is based on those prime divisors of ∆ lying over the above prime divisors of k(x, x ′ ). A characterization for these prime divisors of the double field ∆ is given in Theorem 2.1.
To proceed our construction, we start with the multiple ideal of a divisor, which is a extremely useful tool for this paper. Let o be a prime divisor of K, and let o Let n be a prime divisor of the double field ∆, and let A be a divisor of ∆, prime to n. Ifō be a prime divisor of the residue field ∆n of ∆ modulo n, we denote wō(An) = min a∈[A] µō wō(an), where µō is a pair of prime divisors of K, K ′ obtained fromō. A precise formula for µō is given in Section 4. Then the divisor residue of A modulo n is defined by An = wō(An)ō where the sum is over all prime divisorsō of ∆n. It is easy to see that if A is principal, so is An. If A 1 and A 2 are two divisors of ∆, prime to n, we prove in Theorem 4.8 that (A 1 + A 2 )n = A 1 n + A 2 n. The divisor residues are closely related to the theory of correspondence, and a relation between them is given in Theorem 4.11. Let A and b be divisors of ∆, relatively prime to each other. Write A = a m m and b = b n n as linear combination of prime divisors of ∆ with integer coefficients. Define
where N L/F is the usual notation of norm and ν ′ is the isomorphism of K ′ induced by n. Then A, b f ′ is a divisor of K ′ . By using Theorem 4.8 and Theorem 4.11, we prove in Theorem 5.
When K ′ is considered as an algebraic function field of one variable over complex numbers, the set of all places of K ′ has the structure of a compact Riemann surface which is denoted by K ′ ∞ . If A and b are divisors of ∆, we can obtain an Arakelov divisor A, b K ′ from the divisor A, b f ′ by using the extension of
where ( · ) is the Arakelov intersection product. Let A|K ′ be the Arakelov divisor of K ′ obtained from the restriction of A to K ′ . If m and n are prime divisors of ∆, we define
where
For general divisors A, b of ∆, we define {A, b} by linearity. Then a residue scalar product of A, b is defined by
for all divisors A, b of ∆. By using results of Section 2-5, we proved in Section 6 that the residue scalar product is bilinear and symmetric. It is well-defined on the classes of divisors of ∆ modulo principal divisors.
The author wishes to thank Brian Conrey for his encouragement during preparation of the manuscript.
Prime divisors
Denote by µ = µ 0 σ the set of all K ′ -conjugates of µ 0 , and µ is called the isomorphism system coordinated to the isomorphism µ 0 of K.
If one of the two isomorphisms µ, µ ′ , say µ, degenerates to a homomorphism, then a prime ideal m of K exists such that µ is the residue class homomorphism modulo m of K. That is, aµ is the residue am of a modulo m for every element a of K, where am represents the symbol ∞ when a is not integral for m. The residue field of K modulo m is a finite extension of k, and the K ′ -normalized representative of the dependent composite M of Kµ, K ′ µ ′ is then a finite constants extension of
A binary prime divisor m of ∆ is defined to be a non-equivalent normalized valuation w m of ∆ which valuates both K and K ′ identically zero, a K-unary prime divisor m of ∆ is a non-equivalent normalized valuation w m of ∆ which valuates K ′ identically zero, and a prime K ′ -unary divisor m of ∆ is a non-equivalent normalized valuation w m of ∆ which valuates K identically zero. Denote by S the set of all binary and unary prime divisors of ∆.
In particular, binary prime divisors of the rational function field k(x, x ′ ) correspond to valuations derived from irreducible "binary" polynomials of k[x, x ′ ], k(x)-unary prime divisors of k(x, x ′ ) correspond to valuations derived from irreducible polynomials of k [x] and to the valuation given by the negative degree in x, and k(x ′ )-unary prime divisors of k(x, x ′ ) correspond to valuations derived from irreducible polynomials of k[x ′ ] and to the valuation given by the negative degree in
Since ∆ is a finite separable extension of k(x, x ′ ), all prime divisors of ∆ in S are obtained from the corresponding three kinds of prime divisors of k(x, x ′ ) by extension of valuations under finite separable extension of fields (cf. [3, §10] ). The following Lemma gives a characterization of prime divisors of ∆ in S.
Theorem 2.1. The prime divisors m of ∆ in S are in one-one correspondence with the classes of isomorphism pairs µ, µ ′ of K, K ′ into an algebraic function field of one variable in such a way that the residue class homomorphism of ∆ modulo m induces the isomorphism pair µ, µ ′ and that
Proof. Let m be a prime divisor of ∆. Then the residue class homomorphism of ∆ modulo m induces isomorphisms or homomorphisms µ, µ ′ of K, K ′ into the residue class field ∆m, which is an algebraic function field of one variable. It is clear that ∆m = Kµ · K ′ µ ′ , and hence, m induces the class of isomorphism pair µ, µ
′ be an isomorphism pair of K, K ′ into an algebraic function field, which do not both degenerate to homomorphisms. Assume that µ ′ does not degenerate to a homomorphism. Then the
It follows that the residue homomorphism of ∆ modulo m induces the isomorphism pair µ 0 , 1 of K, K ′ , and m is uniquely determined by the class of K ′ -conjugates of µ 0 . Therefore, a unique prime divisor m of ∆ exists, which corresponds to the class of isomorphism pair µ, µ ′ of K, K ′ in such a way that the residue class homomorphism of ∆ modulo m induces µ, µ ′ and ∆m = Kµ · K ′ µ ′ . This completes the proof of the theorem. Corollary 2.2. The K-unary and K ′ -unary prime divisors of ∆ are in one-one correspondence with the prime divisors of K and K ′ , respectively.
Divisors A of ∆ are defined as the formal sum
where the sum is over all prime divisors m in S with the integer coefficients w m (A) being zero for almost all prime divisors m.
The ideal of multiples of a divisor
In this section, we study some properties of multiple ideals, which are essential for our definition of divisor residues given in the next section.
Let J be the set of all elements in ∆ which are integral for all binary prime divisors of ∆. Let o and o ′ be K-unary and K ′ -unary prime divisors of ∆, respectively. Denote o = (o, o ′ ). The principal order J o , restricted by the unary pair o, is the set of all elements of ∆ which are integral for all binary prime divisors and for the unary pair.
Conversely, let a be a nonzero element of J. Then the denominator n of a contains only unary prime divisors. Let t be a non-constant element of K whose denominator contains all prime divisors of K dividing n. Since K is a finite algebraic extension of k(t), we can choose a t-integral basis u i of K over the field k(t). Then the u i also form a basis of ∆ over K ′ (t). Since a is integral in t, it can be written in the form a = f
. It follows that a belongs to the ring composite [K, 
We want to show that ℓ is nonnegative. Arguing by contradiction, assume that ℓ is a negative integer. Let π ′ be a prime element of
Replacing the b ′ ik by its residues modulo o ′ , we obtain an equation of the t k u i with coefficients in the residue class field of K ′ modulo o ′ . Since the t k u i are linearly independent over k, by the argument in [2, Chapter 15] they are linearly independent over the residue class field of K ′ modulo o ′ . It follows that these coefficients must be all equal to zero. This is impossible. Therefore, ℓ ≥ 0, and hence a belongs to
o of A is defined to be the set of all elements a in ∆ such that w m (a) ≥ w m (A) for all binary prime divisors m of ∆ and such that
Proof. Multiplying A by an element of ∆, we can assume that A is integral for all binary prime divisors of ∆. It will first be shown that
where an elementã of∆ is said be integral for o
oJo . Therefore, in order to prove the stated result it suffices to show that
By strong approximation theorem, we can choose an elementñ ′ inK ′ such that wõ ′ (ñ ′ ) = 0 and
This completes the proof of the theorem.
Let m be a prime divisor of ∆ with µ, µ ′ being the isomorphism pair of K,
′ -unary, and define N ∆/K (m) = 0 if m is K-unary. By a splitting field for a binary prime divisor m we mean a finite extensionK ′ of K ′ such that, in the double field∆ of K and K ′ , m splits into prime divisorsm of degree one overK ′ .
Let m be a binary prime divisor of ∆. Assume that the residue class field ∆m is K ′ -normalized and that µ = µσ is the coordinated isomorphism system. LetK ′ be a finite extension of K ′ . Decompose µσ intoK ′ -conjugate classes with the σ i being representatives for these classes. By Theorem 2.1, letm i be the prime divisor of∆ corresponding to theK ′ -conjugate class represented by µσ i . Then the degree ofm
is a splitting field of m if and only if Kµσ is contained inK ′ for every isomorphism σ of ∆m, and that the number of such different prime divisorsm i of∆ lying above m is equal to the field extension degree of ∆m over K ′ .
Lemma 3.4. LetK ′ be a splitting field for a binary prime divisor m of ∆. Then m is unramified in the double field∆ of K andK ′ .
Proof. Let u ′ = {ũ ′ i } be a basis ofK ′ over K ′ . Then u ′ is also a m-integral basis for ∆ over ∆. In fact, letã be an m-integral element in∆. Multiplyã by an element v of∆, which is prime to m, so thatãṽ is integral for every binary prime divisor of ∆. Thenãṽ belongs toJ.
, and henceã can be expressed as a linear combination ofũ ′ i with m-integral coefficients. SinceK ′ is a splitting field of m, there exists no m-integral elements a i of ∆ such that a iũ
, and hence m is not a divisor of d∆ /∆ (u ′ ). On the other hand, the contribution of m to field discriminant d∆ /∆ of∆ over ∆ divides d∆ /∆ (u ′ ). Therefore, m is not a divisor of d∆ /∆ . This implies that m is unramified in∆ by the Dedekind discriminant theorem.
The following result, which follows immediately from Lemma 3.4 and from the argument preceding Lemma 3.4, is a convenient technique which will be used in later proofs.
Corollary 3.5. Let m be a binary prime divisor with N ∆/K ′ (m) = n, and letK ′ be a splitting field for m. Assume that the residue class field ∆m is K ′ -normalized and that µσ is the coordinated isomorphism system of K intoK ′ . Then m has iñ ∆ the decomposition m = m σ into n prime divisorsm σ with N∆ /K ′ (m σ ) = 1 and with the coordinated isomorphism µσ of K intoK ′ .
Definition of divisor residues
We first introduce a notation. If a field L is a finite separable extension of a field F , and if m is a prime divisor of F whose extension in L has a factorization of the form P e 1 1 P e 2 2 · · · P e r r , then we define Π L/F (P i ) = m for i = 1, · · · , r, and extend it to the group of all divisors of L by additivity. In other words, Π L/F (P) is a prime divisor of F lying below the prime divisor P of L.
Let n be a prime divisor of ∆ in S. Assume that µ = (µ, µ ′ ) is the isomorphism pair of K, K ′ induced by n as in Theorem 2.1. For every prime divisorō of ∆n, define µō = n, if n is K-unary;
Put µō = (µō, µ ′ō ).
Lemma 4.1. For every element a in K, we have a(µō) = (aµ)ō.
Proof. First we consider the case when n is a K-unary prime divisor of ∆. In this case, the stated identity can be written as an = (an)ō. If ∆n is K ′ -normalized, then ∆n is a finite constants extension of K ′ , and the residue class field of K modulo n is contained in the constants field of ∆n. On the other hand, we know that the residue class field of ∆n moduloō contains this constants field as a subfield. That is, moduloō is the identity map on the constants field. It follows that (an)ō = an.
When n is not K-unary, it is clear that (aµ)ō = (aµ)Π ∆n/Kµ (ō) = (aµ)((µō)µ) = a(µō).
If A is a divisor of ∆, prime to n, then elements of [A] µō are n-integral for every prime divisorō of ∆n. Denote wō(An) = min a∈[A] µō wō(an). The divisor residue An of A modulo n is defined by
where the sum is over all prime divisorsō of ∆n. In the following two lemmas we are going to show that the divisor residue An is well-defined.
Lemma 4.3. For every prime divisorō of ∆n, J µō n is contained in the set1ō of allō-integral elements in ∆n.
Proof. By Lemma 3.2, we have
. It follows from Lemma 4.1 that elements in 1 µō µ and 1 ′ µ ′ō µ ′ areō-integral. Therefore, J µō n is contained in1ō.
Lemma 4.4. Let n be a prime divisor of ∆, and let A be a divisor of ∆, prime to n. Then wō(An) is finite for every prime divisorō of ∆n, and is zero for almost all prime divisorsō of ∆n.
Proof. Since A is prime to n, there exist elements u and v of ∆, prime to n, such that
. This implies that wō(un) ≥ wō(An) ≥ −wō(vn). Therefore, wō(An) is finite. It follows from Lemma 4.4 that the definition of divisor residues is well-defined.
Lemma 4.5. LetK ′ be a finite extension of K ′ , and let n be a prime divisor of ∆. Ifñ is a prime divisor of∆ lying above n, then Añ = An for every divisor A of ∆ which is prime to n. Lemma 4.6. Let n be a prime divisor with µ = (µ, µ ′ ) being the induced isomorphism pair of K, K ′ . If A is a purely unary divisor of ∆, prime to n, then An is Aµ for a K-unary divisor A, and is Aµ ′ for a K ′ -unary divisor A.
Proof. Let A be a K-unary divisor, say. µō n = aµJ µō n. By Lemma 4.3, we know that 1 ∈ J µō n ⊆ 1ō. This implies that wō(An) = wō(aµ). On the other hand, it can be seen that wō(aµ) = wō(Aµ). Therefore, we have An = Aµ.
Let m be a prime divisor of ∆, and let µ, µ ′ be the isomorphism pair of K, K ′ induced by m as in Theorem 2.1. Then the prime correspondence, which corresponds to every prime divisor
Lemma 4.7. Let m be a prime divisor of ∆. When m is not K ′ -unary, assume that ∆m is K ′ -normalized and that (µ, µ ′ ) with µ ′ = 1 is the isomorphism pair of K, K ′ induced by m. Let p ′ be a K ′ -unary prime divisor, let ∆p ′ be K-normalized, and let π = (π, π ′ ) with π = 1 be the isomorphism pair of For the remaining of the proof, m is assumed to be binary. Then the stated identity can be written as
For 
It follows that wō(mp ′ ) = 0. We now consider the case whenō is a prime divisor of ∆p ′ dividing m(p ′ ). Then πō = m(p ′ ). By Lemma 3.2 every element a in J πō can be written as a =
with u i in 1 πō and u
. Therefore, we have
In the next theorem, we are going to show that divisor residues modulo n satisfy the distributive law. 
We want to show that k = 0.
Argue by contradiction, assuming that k 1. Let η be an element of
Since (a i −ᾱ i η)o = 0, we can write a i −ᾱ i η = πc i for some o-integral elementc i . Since ∆o is a finite constants extension of K ′ , we denote by d the degree of ∆o over K ′ . If∆ is the double field of K and ∆o, then∆ is a finite extension of ∆ of degree d.
This contradicts to the minimality of k, and hence we must have k = 0. Thus, we have wō(A 1 n) . That is, A 1 n divides An. It follows that An is integral.
(3). When A = (a), by definition we find that An = (an). Therefore, An is principal.
Finally in this section, we study some properties of general correspondence, which is closely related to divisor residues and will be used in later proofs.
Let A = w m (A)m be a divisor of ∆, and let p ′ be a prime divisor of
where the sums are over all prime divisors m of ∆.
Lemma 4.10. Let m be a prime divisor of ∆, and letK ′ be a normal splitting extension for m. Ifp ′ is a prime divisor ofK ′ lying above a prime divisor
Proof. If m is unary, by definition m(p ′ ) = m(p ′ ) = m or 0. If m is binary, assume that ∆m = Kµ · K ′ . Let m = m σ be the decomposition of m as given in Corollary 3.5. We have∆m σ =K ′ . Let (∆m)σ = Kµσ · K ′ . Then the prime divisorp ′ σ of (∆m)σ containingp ′ is given byp
It follows thatm
Since 
Corollary 4.12. LetK ′ be a finite extension of K ′ , and letp ′ be a prime divisor ofK ′ lying above a prime divisor
Proof. Let π = (π, π ′ ) be the isomorphism pair of K, K ′ induced by p ′ . By Theorem 4.11, we have πA(p ′ ) = Ap ′ and Ap ′ = πA(p ′ ). In addition, by Lemma 4.5 we have
Corollary 4.13. Let p ′ be a prime divisor of K ′ , and let A, A 1 and A 2 be divisors of ∆, prime to p
Proof. We have (1) and (2) by Theorem 4.11 and Theorem 4.8 , and we have (3) by (1) and the definition of correspondence.
Norm of divisor residues
In this section, we prove a theorem about the norm of divisor residues, which is essential for our definition of a residue scalar product for algebraic function fields over number fields.
Assume that L is a finite separable extension of F , and let P be a prime divisor of L. Define N L/F (P) = σ Pσ where the sum is over all isomorphisms of L over F . We extend the map N L/F to the group of all divisors of L by additivity. 
It follows that wō(mn) ≥ 1. That is,ō divides mn.
We now consider the case when o does not divide m(o ′ ). Then oµ and o ′ µ ′ are coprime. It follows that an element u in K exists such that uµ ≡ 1 modulo oµ and
This implies that wō(mn) = 0, and therefore,ō does not divide mn.
Let µ = (µ 1 , µ 2 ) be a pair of different isomorphisms of K into an algebraic function field. DenoteK ′ = Kµ 1 · Kµ 2 the field composite of Kµ 1 and Kµ 2 . For every prime divisorõ ofK ′ , define ℓõ = min a∈1 µõ wõ(aµ 1 − aµ 2 ), where µõ = (µ 1õ , µ 2õ ) and 1 µõ is the set of all elements in K which are integral for µ 1õ and µ 2õ . A different divisor D µ for the isomorphism pair µ is defined by
where the sum is over all prime divisorsõ ofK ′ . In general, if µ = (µ 1 , · · · , µ n ) is a system of different isomorphisms of K into an algebraic function field, then the conjugate different divisors D 
Lemma 5.2. Let m and n be two different prime divisors of ∆, which are not K ′ -unary. Assume that ∆m = Kµ 0 · K ′ and ∆n = Kν · K ′ . If µ is the isomorphism system of K coordinated to µ 0 , then
where the sum is over all isomorphisms in the isomorphism system µ.
Proof. Assume thatK ′ is a splitting extension of K ′ for m which contains Kν. Since m and n are different prime divisors of ∆, by Theorem 2.1 µ is not equal to ν for every isomorphism µ in µ.
(1). We first consider the case when m and n are binary prime divisors of ∆ with N ∆/K ′ (m) = 1. In this case, µ consists of a single isomorphism µ, and Kµ ⊆ ∆m = Note thatñ and n induce the same isomorphism ν of K intoK ′ . By the first part of the proof we havem
for every isomorphism µ in µ, and hence
. We finally consider the case when one of m and n is a K-unary prime divisor. Assume first that m is a K-unary prime divisor, then by Lemma 4.6 mn = mν. On the other hand, we have µō = m. When n is K-unary, we have νō = n, and hence D µ,ν = 0. When n is K-unary, we also have mn = 0 by the definition of divisor residues, and therefore mn = D µ,ν . When n is binary, we have νō = Π ∆n/Kν (ō)ν −1 . It follows from definition that D µ,ν = mν. Therefore, we have mn = D µ,ν .
Next, assume that n is K-unary and that m is binary. Since mn = m(n) by In the following theorem, we take the norm of divisor residues. Theorem 5.3. Let m and n be two different prime divisors of ∆, and let (µ, µ ′ ) and (ν, ν ′ ) be the isomorphism pairs of K ′ induced by m and n, respectively. If m is a K ′ -unary prime divisor, define
If m is a K-unary prime divisor, define N ∆m/Kµ (nm)µ −1 = N ∆/K (n)m, and if n is a K-unary prime divisor, define N ∆n/Kν (mn)ν
Proof. We first consider the case when m and n are not K ′ -unary. Assume that ∆m = Kµ 0 · K ′ and ∆n = Kν 0 · K ′ . Let µ, ν be isomorphism systems of K coordinated to µ 0 , ν 0 . By Lemma 5.2 we have mn = µ∈µ D µ,ν 0 . If σ is an isomorphism of ∆n over K ′ , then (mn)σ = µ∈µ D µ,ν 0 σ . It follows that
This implies that
when ∆n and ∆m are not K ′ -normalized. When m and n are not K-unary, a similar argument shows that the identity
holds. We now consider the case when one of m and n is K ′ -unary, say m. Then
when n is not a K ′ -unary prime divisor. If n is K ′ -unary, then N ∆/K ′ (n) = 0 and
when n is a K ′ -unary prime divisor. We finally consider the case when one of m and n is K-unary, say n. Then N ∆n/Kν (mn)ν 
Note that A, b f is a divisor of K and that A, b Therefore, it suffices to show that nm + (dx)µ is principal. If (f ) is a principal divisor of ∆, it follows from (6.1) and Theorem 4.8 that (f ), A r = 0 for any divisor A of ∆, and hence the residue scalar product A, b r is well-defined on the classes of divisors of ∆ modulo principal divisors. By (5.4) and Theorem 5.3, the residue scalar product is bilinear and symmetric.
Part of Roquette's theory is to prove that the residue scalar product of a divisor of the double field with itself is nonnegative for function fields over a finite constants field by using the Riemann-Roch theorem (cf. Li [7] ). Then the Riemann hypothesis for function fields over a finite constants field follows from the Schwarz inequality. Searching for the analogue for number fields of Roquette's proof of the Riemann hypothesis for function fields over a finite constants field, we were led to the sequence of numbers whose positivity is equivalent to the Riemann hypotheses [6] . We conjecture that the residue scalar product, which we constructed for function fields over a number field, of a divisor with itself is nonnegative. This nonnegativity, if true, may be related to that of the sequence of numbers found in Li [6] .
